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Abstract. This paper compares two methods for calculating the strain energy 

release rate (SERR) which are the virtual crack closure technique (VCCT) and 

virtual crack extension (VCE). SERR is the amount of energy used for crack 

formation per fracture surface area. The VCCT method assumes the energy to 

form a crack is the same as the energy to close the crack, while the VCE method 

creates a virtual crack extension to calculate the change in strain energy. The study 

applies both VCE and VCCT to calculate the SERR for different element size, 

crack size, and plate thickness. The results show that the VCCT method tend to 

give more accurate outcome. The strain energy release rate tends to increase as the 

crack length increases but decreases as the plate gets thicker. Overall, this research 

contributes to the understanding and application of SERR calculation methods, 

shedding light on their accuracy and providing insights into the effects of crack 

length, boundary conditions, and plate thickness on SERR. 

Keywords: strain energy release rate, fracture mechanics, virtual crack extension, 
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1 Introduction 

Fracture is a phenomenon that has been studied for a long time. Fracture could 

happen on almost every object used by humans. As technology improves, fracture 

becomes a more serious issue. A small crack could lead to a very fatal incident 

e.g. a crack on aircraft structure, gas pipe, or nuclear reactor. These failures could 

cause loss of many lives, financial loss, environmental damage, and many more. 

Therefore, studies on crack need to be continuously developed. 

Fracture mechanics is the field that studies the formation and propagation of crack 

in material. Crack propagates when the stress experienced by the material is 

greater than the cohesive strength [1], [2]. A cracked material can experience 

three types of displacement as shown in Figure 1 [3]. In Mode I, the crack opens 

in direction perpendicular to the fracture plane. In Mode II, the crack surfaces 
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slide over each other in directions perpendicular to the crack leading edge. In 

Mode III, the crack surfaces slide over each other in directions parallel to the 

crack leading edge. 

 

Figure 1 Crack displacement mode 

Based on the First Law of Thermodynamics, a crack could form only if the 

process causes the total energy to decrease or remain constant [4]. The critical 

fracture condition happens when the energy remain constant. Therefore, the 

energy balance of a critical crack formation can be written as follow: 

𝑑𝐸

𝑑𝐴
 =  

𝑑𝜋

𝑑𝐴
+  

𝑑𝑊𝑠

𝑑𝐴
 = 0       (1) 

where E is the total energy, Π is the potential energy from the internal strain 

energy and external forces, and Ws is the energy needed to create new surface. 

The above equation is also known as the Griffith energy balance. By solving the 

Griffith equation, the fracture stress is given by: 

        (2) 

   

where γs is the surface energy of the material and a is the half length of the 

fracture. 

In analysing a crack, it is important to determine the crack parameters. One of the 

crack parameters is the strain energy release rate. The strain energy release rate 

is the energy that is dissipated during a formation of crack per crack surface area 

[5]. As a crack grows, the potential energy of the material decreases while the 

crack surface expands. The strain energy release rate can be defined as: 

                  (3) 
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The energy release rate for a wide plate with crack in plane stress condition is 

given by: 

(4) 

The strain energy release rates can be used to obtain other fracture parameters 

such as stress intensity factor, J-integral, and fracture toughness. There are several 

equations that can be used to calculate the strain energy release rate. However, 

these equations are usually very limited and could only be used for specific cases. 

Therefore, several approaches to calculate strain energy release rate using Finite 

Element Method (FEM) are developed. By using FEM, numerous variations of 

geometry and loading can be analyzed. FEM can also give fairly accurate results 

without requiring a lot of resources. FEM has been gaining popularity in the past 

decade due to the improvement in computer technology and the increase in 

accessibility of computers. 

 

Two of the FEM methods used to analyze a crack are the Virtual Crack Extension 

(VCE) method and the Virtual Crack Closer Technique (VCCT). The VCE 

method is first developed by T. K. Hellen in 1975 [6]. Meanwhile, the original 

publication on VCCT dates back to 1977[7]. Since then, a lot of researches 

regarding both methods had been conducted [8]–[10]. These methods utilize 

energy differences over small changes in crack length. However, there are slight 

differences in both methods which will be explained in the latter chapter. In this 

paper, both VCE and VCCT methods will be used to calculate the strain energy 

release rate of a fixed plate that is given a distributed load. In this paper, all 

simulations will be performed using ANSYS. 

2 Virtual Crack Closure Technique 

VCCT is one of many ways to calculate the strain energy release rate using finite 

element analysis. In this method, the energy needed to extend a crack by ∆a from 

a (Figure 2(a)) to a + ∆a ( Figure 2(b) ) is assumed to be equal to the work required 

to close the crack from l to i ( Figure 2(b) ) [10]. For the two-dimensional case 

shown in Figure 2, the work ∆E necessary to close the crack can be determined 

as follow: 

     (5) 
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Figure 2 Virtual crack closure technique step: (a) closed crack and (b) extended 

crack 

where 𝑋1𝑙 and 𝑍1𝑙 represent the shear and opening forces at node l when the crack 

is closed and Δ𝑢2𝑙 and Δ𝑤2𝑙 are the shear and opening displacement at node l as 

shown in Figure 2(b). The forces are calculated at the first step while the 

displacements are calculated at the second step. 

3 Virtual Crack Extension 

Consider a crack on a 2D plate that is propagating due to Mode I loading. 

According to [6], the total potential energy is given by: 

     (6) 

where u is vector of nodal displacement, [K] is the structural stiffness matrix, and 

b is vector of the corresponding nodal loads. The change in potential energy then 

can be calculated by: 

    (7) 

Assuming that the load is constant, δb will be zero. Hence, the strain energy 

release rate can be determined by: 

     (8) 

Thus, from equation (8), a numerical procedure for calculating G can be created. 

The stiffness derivative for all elements except the ones containing the crack tip 

are zero. The crack growth can be simulated by only changing the elements 

around the crack tip as shown in Figure 2.3. 
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Figure 3 Virtual crack extension in finite element. Left figure shows the initial 

condition and right figure shows the virtual crack propagation [1] 

Calculating the strain energy release rate using the VCE method is similar to the 

VCCT method. However, the VCE method requires only one simulation to obtain 

the strain energy release. The energy required to extend the crack by one element 

is approximately constant as the crack extend and can be calculated as follow: 

     (9) 

where 𝑋𝑖 and 𝑍𝑖 represent the shear and opening forces at node i and Δ𝑢𝑙 and Δ𝑤𝑙 

are the shear and opening displacement at node l as shown in Figure 4. Therefore, 

the forces and displacements can be calculated in a single finite element analysis. 

The strain energy release rate then can be by dividing the energy ∆E by the crack 

surface area. 

 

Figure 4 Virtual crack extension 

4 Finite Element Model 

In this paper, ANSYS 2021 R1 Student Version is used to simulate a cracked 

plate under an evenly distributed static load as shown in Figure 5. The plate has 

a width of 50 mm and thickness of 1 mm. The plate has a thin crack in the middle 

with a length of 20 mm. The plate uses aluminium alloy as its material. The plate 

is fixed on all of its sides. The plate receives distributed force with resultant of 4 

Newton across its surface. 
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Figure 5 Model of cracked plate under distributed load 

In order to simplify the simulation, only a quarter of the model will be simulated 

as shown in the shaded region in Figure 5. The plate uses 160x160 SHELL181 

elements for its mesh. SHELL181 has 4 nodes with 6 degrees of freedom each. 

SHELL181 is suitable for analyzing thin to moderately-thick structures [11]. The 

goal of the simulation is to calculate the strain energy release rate using two 

methods, which are the VCCT and the VCE methods. Simulations with varying 

element size, crack length, and plate thickness will also be conducted. 

5 Results and Discussion 

For the simulation, the displacements, forces, and moments on the node around 

the crack tip will be extracted in order to obtain the strain energy release rate 

using VCE and VCCT method. The strain energy of the plate is also extracted 

using the available solution on ANSYS for comparison purposes. 

 

Figure 6 Translational displacements of initial model in (a) x, (b) y, and (c) z 

directions 

 

Figure 7 Rotational displacements of initial model in (a) x, (b) y, and (c) z 

directions 



940 Enrico Samuel Rusli & Muhammad Giri Suada 

 

 

Figure 8 Nodal forces of initial model in (a) x, (b) y, and (c) z directions 

 

Figure 9 Nodal moments of initial model in (a) x, (b) y, and (c) z directions 

 

 

(a) (b) 

Figure 10 Strain energy for (a) initial and (b) extended crack 

It could be observed that there is only displacement in y-direction and rotation 

around x-axis and z-axis axis. The symmetry boundary on the edge restrict the 

displacement in z-direction and rotation the rotation around x-axis and y-axis. 

Therefore, the only deformation that could cause the crack to propagate is the 

rotation around x-axis. Therefore, the VCE and VCCT method in this paper only 

consider the rotation and moment around x-axis. 

The strain energy release rate results are presented in Table 1, indicating that both 

the virtual crack extension (VCE) and virtual crack closure technique (VCCT) 

methods yield similar outcomes. However, the VCCT method demonstrates a 

slightly higher level of accuracy, with a difference of only 0.0003% compared to 

the 0.2% difference obtained from the VCE method. 

Table 1 Strain energy release rate of initial model 

  Method  Value (J/m2)  

VCE 5.697328E-03 

VCCT 5.686030E-03 

  Strain energy  5.686012E-03  
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5.1 Element Size Variation 

In order to determine that the element size is adequate, a convergence test is 

conducted. The number of elements on each side of the plates is varied between 

20, 40, 80, and 160. The results are shown in Figure 11. 

 

Figure 11 Strain energy release rate for different element sizes 

5.2 Crack Length Variation 

The length of the crack is varied to identify the relationship between the crack 

length and the strain energy release rate. The results are shown in Figure 12. 

 

Figure 12 Strain energy release rate for different crack length 

Due to the anomaly of the result, an alternative simulation is created. In his 

simulation, the fixed support on the edge that is parallel to the z-axis is removed. 

The strain energy release rate for the alternative case is shown in Figure 13. 
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Figure 13 SERR for different crack length for alternative case 

5.3 Thickness Variation 

The thickness of the plate is also varied to identify the relationship between the 

plate thickness and the strain energy release rate. The results are shown in Figure 

14. 

 

Figure 14 SERR for different plate thickness 

5.4 Analysis 

The initial results show that only rotational displacement around x-axis and 

moment around x-axis affect the propagation of crack. This rotational 

displacement would cause the bottom part of the crack to be expanded. Therefore, 

it can be concluded that the plate undergoes Mode I displacement. It is also shown 

in Table 1 that the strain energy release rate value obtained from VCCT method 

is closer to the reference strain energy difference compared to the VCE method. 
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Figure 11 shows that as the number of elements increases, the value of strain 

energy release rate is approaching a definite value. At 160x160 elements, the 

simulation is already converged. The figure also shows that the VCCT method 

yields closer value to the reference strain energy difference compared to the VCE 

method. 

Figure 12 shows the values of strain energy release rates at different crack 

lengths. The results from all three methods are almost identical. The strain energy 

release rate initially increases as the crack length grows. However, around 10 mm 

half crack length, the strain energy release rate starts to decreaseas the crack 

length grows. This anomaly is caused by the fixed joint at the edge near the crack 

tip. As the crack extends, the crack tip becomes closer to the fixed boundary 

which limits the deformation around the crack tip. In order to prove this, an 

alternative simulation is conducted where the fixed boundary is removed. The 

result shown in Figure 13 reveals that the strain energy release rate increases as 

the crack grows. This result has an agreement with findings from other paper [2], 

[12]. This result also matches the equation (4) which shows that the strain energy 

release rate is proportional to the crack length. 

Figure 14 shows that as the thickness of the plate increases, the strain energy 

release rate becomes lesser. The reduction in strain energy release rate is caused 

by the increase in the fracture area and also reduction in moment, displacement, 

and strain. This result match with the finding in other paper [12]. The results from 

all methods are very similar. 

6 Conclusion 

The author conducted calculations of the strain energy release rate using the 

virtual crack extension (VCE) and virtual crack closure technique (VCCT) 

methods. The results obtained from both methods were found to be accurate, with 

differences of less than 1%. The VCCT method demonstrated slightly greater 

accuracy, with an error of approximately 0.0003%, while the VCE method had 

an error of around 2%. 

To ensure the validity of the simulations, various element sizes were employed, 

and it was demonstrated that mesh convergence was achieved with the selected 

element size. Simulations were also conducted with different crack lengths, 

revealing that the strain energy release rate increases as the crack length increases. 

However, due to fixed boundary conditions, the strain energy release rate begins 

to decrease around a 10 mm half crack length. In the absence of these boundary 

conditions, the strain energy release rate exhibits a linear increase with the crack 

length. 
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Additionally, simulations were performed with different plate thicknesses, 

showing that the strain energy release rate decreases as the plate becomes thicker. 

Overall, this research contributes to the understanding and application of SERR 

calculation methods, shedding light on their accuracy and providing insights into 

the effects of crack length, boundary conditions, and plate thickness on the strain 

energy release rate. 
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