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Abstract. A braneworld theory is a higher dimension theory in which a 4D 

universe is assumed to be confined on a hypersurface embedded in the higher 

dimensional bulk. This theory is a good candidate that provides solution to the 

hierarchy problem in high-energy physics. In its development, the proof regarding 

complete field (such as massless and massive scalar, vector, and spinor) 

localization for several brane models has not been solved. In this article, we 

compared between thin and thick branes regarding the localization mechanism. 

We also analyzed the mechanism of field localization in two types of branes. The 

requirements for obtaining fields localization on thin branes are also examined. 
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1 Introduction 

The braneworld model, as one of the applications of the D-brane concept in string 

theory, provides a solution to the hierarchy problem in high-energy physics. The 

extra dimension is connected to the 4D universe by an exponential factor, called 

a warp factor. Any weak (TeV scale) fields or matter are assumed to be confined 

on a hypersurface, called a brane, embedded in a higher dimensional spacetime 

called a bulk. There are many models of brane that had been proposed. Some of 

the most popular are Randall-Sundrum (RS) [1]-[2], and its modified models [3].  

Based on the characteristics of the warp factor, the brane models are classified 

into thin brane and thick brane. The thick brane model provides a more logical 

explanation regarding the minimal length scale in fundamental physics. The thick 

brane solutions are smooth. It can be applied in some higher-order derivative 

gravity theories. Meanwhile, the thin brane is described as a Dirac delta function 

in extra coordinates. Some of the thin brane models include Randall-Sundrum I 

and II, RS-like, and Modified Randall-Sundrum (MRS) by Jones, et.al in [3]. The 

idealistic thin brane model is still incomplete regarding field localization. The 

proposed MRS model provided better fields localization properties than RS 

model. Several studies in MRS have been conducted to examine the localization 

of scalar, vector, and spinor fields, each of them are massive and massless, by 

Wulandari, et.al in [5]-[8], and Rohman, et.al in [9]. 
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In the case of thin branes, the localization mechanism follows Bajc et.al [4] and 

Jones et.al [3]. In this case, the separation of variables method is assumed and 

two conditions, namely the normalization and the mass term conditions, that 

enable ones to reduce the 5D into 4D action must be fulfilled. 

In the case of thick brane, we consider a standard thick brane generated by scalar 

bulk, among them as in Liu, et.al [10]-[12]. In this case, the action is defined as 

5D Einstein-scalar action with minimal coupling. By varying the action, the 

equations for the gravitational field and scalar field are obtained. From the field 

equations, the warp factor  and scalar field  maybe obtained after 

choosing and applying a mechanism such as a first-order formalism for the 

potential . In terms of localization, the warp factor plays an important role in 

field localization equation, called Schrödinger-like equation. The localization of 

the field  is defined as the following. If the energy of the field  is less 

than a critical energy the field is said to be localized. And vice versa, if its energy 

is greater than the critical energy it is said not localized. In the latter case the field 

propagates freely throughout the extra dimension. A paper by Dzhunushaliev 

et.al [14], as an example, discusses such a thing. 

We assume the two scalar fields in thick and thin branes play two different roles. 

The scalar field that generates a thick brane is part of gravity, while the field in a 

thin brane is a matter or weak field that must be localized in the brane. So, the 

warp factor  obtained from the action of thick branes cannot be used in the 

normalization and mass equations in the case of the thin brane. This is because 

the general solution of the field cannot be obtained. 

In Section 2, we will consider deriving the scalar and vector field localization 

equations in thin brane. In Section 3, we will discuss field localization in MRS-

like, because we will determine the solution  of the scalar/vector field 

equations in extra dimension. Since we are looking for a localized field, the 

function  will be given specifically. In Section 4, we discuss field localization 

in thick branes. In addition, we also discuss the possibility of solution  in 

Section 3 when applied in this thick brane. In Section 5, discussion and 

conclusions. 

2 Weak fields equations 

Localization of several types of field is one of some important issues in 

braneworld. Here we consider a general metric of 5D braneworld system 

  (1) 
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where  is the 4D brane metric and  is the extra dimension coordinate. The 

factors  and  represent warp factors for brane and extra dimension 

coordinates, respectively. Several models of 5D braneworld have been 

developed. In RS model [2], it is recognized that  and . In MRS 

model [3], the coordinate transformation for extra dimension  was 

applied, so that the metric has  for -coordinate system.  Based 

on this metric transformation, MRS model is better than RS model on localization 

properties of scalar, vector, and spinor weak fields, whether they are massless or 

massive. For the spinor field, its localization in the MRS model is possible when 

the gamma matrices in a curved space, rather than in a flat space, is taken into 

account [6]. In this section, we will review the localization requirements that must 

be met by scalar and vector fields. 

2.1 Scalar field 

An action of 5D scalar matter field  with mass  is given by 

  (2) 

where  indices represent 5D coordinate system,  is a determinant of the 

metric tensor  that is defined in equation (1). Following the localization 

mechanism used by Bajc, et.al [3] and Jones, et.al [4], the 5D scalar field action 

can be reduced to the 4D scalar field action by field decomposition. 
The decomposition for the scalar field is 

 . (3) 

leads the action (2) into 

 

This 5D action reduces to the 4D one, namely 

  (4) 

The normalization equation 

  (5) 

and 4D mass equation 
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  (6) 

These two equations are called the properties or the conditions of localization. 

The equations (5) and (6) contain . This function should be in accordance 

with the scalar field equation, which is obtained by variation of the action  with 

respect to the scalar field , 

 . (7) 

For a spacetime metric (1), the field equation can be derived as follows 

 . (8) 

Imposing the decomposition (4) and considering  as 4D scalar field satisfying 

the massive 4D Klein-Gordon, , then the field 

equation above reduces to equation for   

 . (9) 

2.2 Vector field 

Consider a 5D vector field 

  (10) 

where  is chosen as a constant or zero [13]. The action of 5D vector field is 

given by 

 

with the field strength tensors , and 

 is equivalent to 
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when the metric (1) is considered. This 5D action will reduce to the 4D one 

 

 (11) 

if the following normalization and mass equations 

  (12) 

are satisfied. It can be proven that the action  and the metric (1) give rise to the 

field equations 

 . (13) 

Consider two types of vector fields, a massive field and massless field. A 4D 

massive vector field  satisfying the Proca equation 

  (14) 

leads to the equation for  

 . (15) 

For a 4D massless vector field, the Proca equation reduces to the Maxwell 

equation and the equation for  simplifies into 

 . (16) 

3 Fields confinement on MRS-like 

The MRS model, with -coordinate system, has better properties of localization 

than the -coordinate system in the RS model. In addition, the -coordinate 

system has a proper distance for extra dimensions whose value is finite [3]. In the 

case of the MRS brane model with the warp factor , the 

normalization, mass, and field equations for scalar and vector fields are given as 

follows. 
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1. Scalar field 

  (18) 

 . (19) 

2. Vector field 

  (20) 

 . (21) 

We have a freedom to choose either  and  in (19) also  and  in 

(21). In the following we will consider some simple choices. 

The MRS model as a thin brane explicitly has the warp factor , where 

 is a constant. This form of the warp factor is simple, so that it is easy to obtain 

general solution of  for all range of . This model is better in terms of fields 

localization as compared to the RS model. However, it is worth to choose some 

forms of  explicitly that hopefully lead to a complete localization of the field. 

The given  must be used in the field equation (19) to find a solution . 

Then, the given  and the obtained  must satisfy the equation (18). From 

those equations, it is known that to obtain the finite value of the integral, the 

integrand must be convergent for the whole range of .  

 

Consider two functions  and , for spin-0 and spin-1 fields 

  (22) 

These functions are the integrands of the integrals (18) and (20). Choosing  

must ensure that the general solutions of  and  can be obtained. The 

functions  and  (for ) must satisfy the following conditions 

 . (23) 

The integrals converge if the function  or  converges. 

Choosing the function  is probably better than choosing the function . 

This is because we can choose the function  so that its values dominate 

around the brane, thus in accordance with the aim of finding a localized field. In 
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addition, to find solution , it is enough to solve the first-order differential 

equation (19), provided that at least the field function must be up to second-order 

differentiable. 

A constant function of  

Consider a constant . From the field equation (19), we get . It means 

that a constant field only valid for a massless scalar field. From equation (18), it 

also obtained that . Then, there is only an equation to determine the warp 

factor, that is 

  (24) 

In this case, the warp factor  must satisfy equation (24). 

A Gaussian function of  

Consider a function , where a is a constant. From the equation (19), 

a solution for the warp factor is 

  (25) 

For simplicity, we take  and . The normalization equation in (18) 

gives a convergent value. Meanwhile, from the mass equation in (18) gives a 

divergent value. So, the corresponding scalar field are not localized on the brane. 

4 Thick brane generated by a scalar field 

Consider a thick brane generated by a scalar bulk. The system is based on 5D 

Einstein-scalar gravity, where the action is given by  

 

 (26) 

where  is Ricci scalar and  is a potential for scalar field . By varying 

the action (26) with respect to the metric , the Einstein field equation is 

obtained, 

  (27) 

where the energy-momentum tensor is 
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 . (28) 

Consider a 5D spacetime with metric (1) and Minkowskian brane for simplicity. 

The components of Einstein tensor are 

  (29) 

while non-zero components of the energy-momentum tensor are 

  (30) 

Then, the components of Einstein equation are 

  (31) 

 

-coordinate system. In -coordinate system,  and , the 

Einstein equations become  

  (32) 

or they can be rewritten as 

 . (33) 

If the two equations are combined by eliminating the kinetic term, the potential 

is obtained 

 . (34) 
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An appropriate warp factor can be inserted in this potential. In this coordinate 

system, we have to make the warp factor transformation from  to -coordinate, 

, using  

 . (35) 

To get  as a function of  it is necessary to find the inverse of the function  

in (35). Then,  is substituted into . If  considered gives the complete 

localization substituting into (34) will give an explicit form of potential that 

describes the braneworld gravitational system that localizes the weak fields. 

 

-coordinate system: In this coordinate, . The Einstein 

equations are 

  (36) 

where 

 . (37) 

Without changing the coordinate system, solution  can be directly used in 

this equation. 

4.1 Field localization mechanism in a thick brane 

The warp factor solution is an important variable that determines the localization 

conditions of weak fields in the brane. In this section, the localization mechanism 

for a thick brane is given in case of the scalar field.  

Consider a 5D real scalar field, , 

  (38) 

where  is a bulk scalar mass,  is a determinant of the metric tensor . By 

varying the action with respect to the scalar field, an equation of motion for a 

scalar field is obtained 

  (39) 

For a spacetime with metric 
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 . (40) 

The equation of motion for scalar field can be rewritten as 

  (41) 

Applying the Kaluza-Klein (KK) decomposition, , and 

imposing that the 4D scalar field obeys 4D Klein-Gordon equation, then the field 

equation for scalar bulk ( ) is obtained 

 , (42) 

where  is KK mass spectrum. As described in the case of thin brane, the 

reduction of 5D action to 4D action requires normalization and mass conditions. 

In the articles discussing thick brane, these conditions were not tested further. In 

the case of thick branes, the field equations are transformed into Schrödinger-like 

equation, by defining a new scalar field 

 . (43) 

The equation for 5D scalar field is 

  (44) 

where  is the effective potential of the scalar field. It depends on the warp 

factor only. The localization condition can be analyzed from the mass spectrum 

of the scalar field. A state related to the mass  must have an energy lower than 

the critical energy, to satisfy the field localization on the brane. A massless mode 

as an analogy to the ground state, and some massive modes as an analogy to the 

excited states.  

5 Discussion and conclusions 

By definition, a braneworld traps weak fields (TeV scale) in a brane as a 

hypersurface. As stated in previous studies, in RS brane model not all fields are 

well localized. For this reason, we tried to conduct a review regarding the 

localization of the fields. As is well known, there are two types of branes based 

on the characteristics of the warp factor, those are thick and thin branes. The two 

types of branes also describe a localization mechanism that is technically 

different, but fundamentally has the same mechanism. First, thin branes try to 

analyze localization which focuses on reducing 5D action to 4D action. Then, the 

normalization and mass equations are obtained. Weak scale fields must obey 

these equations to be said to be locally in the brane. Second, thick branes analyze 



269 Muhammad Taufiqur Rohman, Triyanta & Agus Suroso 

 

 

 

the localization of the field equations in the extra coordinates, which are called 

Schrödinger-like equations. The bound states (ground state and some excited 

states) in the system are analogous to a localized field with a certain mass mode. 

Solution  obtained from the gravitational field equation for thick branes 

cannot be used for the normalization and mass equations for thin brane. If the 

solution  is applied in the field equation, then the general solution for the 

field cannot be obtained. Due to the impossibility of obtaining the general 

solution, we emphasize the review of the normalization and mass equations 

directly to obtain the solution conditions  or . As was done in Section 

3, it would be better if explicit function of either  or  is given. Between 

the two, choosing the field function would be better, because we can choose a 

function that describes the presence of a field at a certain point or area. Physically, 

the Dirac delta function would be a good candidate, because it represents the field 

function in a thin brane. However, it becomes a problem when the Dirac delta 

function is applied to the field equations to obtain . 

From the possibility that if we obtain  that meets the requirements in Section 

3, then this  can be used to define braneworld metric. We have considered 

the bulk scalar brane system in Section 4 as the gravitational framework. 
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